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Jet substructure observables play a central role at the Large Hadron Collider for identifying the boosted
hadronic decay products of electroweak scale resonances. The complete description of these observables
requires understanding both the limit in which hard substructure is resolved, as well as the limit of a jet with a
single hard core. In this paper we study in detail the perturbative structure of two prominent jet substructure
observables, N-subjettiness and the energy correlation functions, as measured on background QCD jets. In
particular, we focus on the distinction between the limits in which two-prong structure is resolved or
unresolved. Depending on the choice of subjet axes, we demonstrate that at fixed order, N-subjettiness can
manifest myriad behaviors in the unresolved region: smooth tails, end point singularities, or singularities in
the physical region. The energy correlation functions, by contrast, only have nonsingular perturbative tails
extending to the end point. We discuss the effect of hadronization on the various observables with
Monte Carlo simulation and demonstrate that the modeling of these effects with nonperturbative shape
functions is highly dependent on the N-subjettiness axes definitions. Our study illustrates those regions of
phase space that must be controlled for high-precision jet substructure calculations, and emphasizes how
such calculations can be facilitated by designing substructure observables with simple singular structures.
DOI: 10.1103/PhysRevD.93.014017
I. INTRODUCTION
The identification of hadronically decaying boosted
electroweak scale resonances for searches within and
beyond the Standard Model is playing an increasingly
important role as the Large Hadron Collider (LHC)
resumes its operations at 13 TeV. Significant theoretical
[1–4] and experimental [5–21] effort has therefore been
devoted to understanding jet observables capable of dis-
tinguishing the decay products of such resonances from the
background of QCD jets. While such observables have
been primarily studied with parton shower Monte Carlo
generators, recent years have seen a significant advance in
analytic calculations of jet substructure observables, and an
understanding of their behavior to all orders in perturbation
theory (see e.g. Refs. [22–30]).
Of particular phenomenological importance are observ-
ables which are sensitive to hard two-prong substructure
within a jet, relevant for tagging hadronically decaying
boosted W;Z, and Higgs bosons. Among the most widely
applied observables are the N-subjettiness ratio observable
τ2;1 [31,32] and ratio observables formed from the energy
correlation functions [33], namely C2 [33] and D2 [34].
Due to the important role these observables are playing at
the LHC, it is essential that they be brought under
theoretical control. As a first step in this direction, the
τ2;1 observable was calculated for boosted Z jets in eþe−
collisions [22]. More recently an analytic calculation was
performed for the D2 observable for both QCD and Z jets,
also in eþe− collisions [30].
Jet shape observables generically exhibit soft and col-
linear singularities, necessitating a resummation of singular
contributions to all orders to achieve reliable predictions
[35–45]. Furthermore, they receive large nonperturbative
corrections associated with singular regions of phase space.
A resummation of the singular contributions as well as a
first principles treatment of nonperturbative effects can be
achieved by proving an all-orders factorization theorem
describing a particular singular region of phase space. The
resummed prediction can then be matched to a fixed order
perturbative result valid away from the singular region. In
the general case that a jet shape distribution exhibits
multiple singular regions, distinct factorization theorems
are required for each singular region.
While the resummation program is well understood for
simple observables, for example eþe− event shapes where it
has been pushed to high orders [46–52], it has proven more
complicated for jet substructure observables. The difficulty
in obtaining a theoretical description of two-prong sub-
structure observables is that theymust be understood both in
the limit of two resolved subjets, as well as in the limit that a
subjet structure is not resolved. For example, when used for
boosted boson discrimination, one is interested not only in
the behavior when measured on a boosted Z or W jet, but
also in the behavior when measured on QCD jets.
To understand how this complicates their theoreti-
cal description, consider a two-prong substructure
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observable, O. As is typical of such observables, we will
assume it is formed from a combination of two observables,
one of which is first nonzero with a single emission off
of the initiating parton and one of which is first nonzero
with two emissions. Furthermore, we assume that O is
chosen so that it identifies a two-prong structure in the limit
O → 0, and satisfies O≫ 0 when there is no resolved
structure. A concrete example of such an observable is
the N-subjettiness ratio observable τðβÞ2;1, which is con-
structed as the ratio of the 2-subjettiness and 1-subjettiness
jet shape observables
τðβÞ2;1 ¼
τðβÞ2
τðβÞ1
; ð1Þ
each of which will be defined in Sec. II.
In fixed order perturbation theory the two-prong sub-
structure observable, O, which is sensitive to both single
and double emissions, can have singularities arising from
distinct physical configurations. This is shown schemati-
cally in Fig. 1. In the limit O→ 0, which we refer to as the
resolved limit, the jet has a two-prong substructure. In this
region of phase space, O is set by a single soft or collinear
emission off of the dipole structure of the hard splitting
defining the substructure, and will generically exhibit a soft
and collinear singularity. In the unresolved limit, where the
jet does not exhibit a resolved substructure, a variety of
different behaviors including smooth tails, kinematic end
points, or end point singularities, are possible. Finally, there
is a transition region, where discontinuities, or shoulders,
can appear at fixed order in perturbation theory. This leads
to large (possibly singular) corrections at higher orders,
due a miscancellation of real and virtual corrections at the
shoulder [53].
A complete calculation of a two-prong substructure
observable requires a description of the physics in each
of the three regions indicated in Fig. 1, including a
resummation of singular contributions and treatment of
nonperturbative corrections in each region. Furthermore,
the descriptions in the different regions must be matched.
A first step towards this goal is a detailed understanding of
the singular structure of the observable, which is the subject
of this paper.
In this paper we study the fixed order perturbative
structure of two common substructure discriminants,
namely the N-subjettiness observable, τ2;1, and the ratio
of energy correlation functions D2. We show a number of
interesting features regarding the singular structure of the
N-subjettiness observable, which have not previously
been discussed in the literature. For axes defined with an
exclusive generalized kT algorithm [54–56], we classify the
singular behavior at the τ2;1 ∼ 1 end point, showing that the
presence of an end point singularity depends on the choice
of clustering metric. For axes defined through minimiza-
tion, we show the presence of discontinuities in the physical
region, which necessitate the use of high order matrix
elements to accurately describe the unresolved region. We
contrast this behavior with the singular structure of the D2
observable, which exhibits perturbative stability.
The outline of this paper is as follows. In Sec. II we
define the N-subjettiness and energy correlation function
observables, with particular attention to the definition of the
N-subjettiness axes. In Sec. III we study the behavior of the
observables in the limit of two resolved subjets. In Secs. IV
and V we discuss the behavior of the N-subjettiness
observable in the unresolved limit with generalized kT
axes, and with axes defined through minimization. The
behavior of the D2 observable in the unresolved limit is
studied in Sec. VI. In Sec. VII we discuss the impact of the
singular structure of the observable on nonperturbative
corrections due to hadronization. We conclude in Sec. VIII.
II. OBSERVABLES
A powerful class of observables for two-prong discrimi-
nation are those formed from ratios of either the
N-subjettiness observables, or the energy correlation func-
tions. In this section, we define these observables, as well as
the ratios commonly used in the study of jet substructure.
For simplicity, throughout this paper we work with jets
produced in eþe− collisions, and we therefore give the
definitions of the observables relevant for this case.
A. N-subjettiness
We define the N-subjettiness observable, τðβÞN [31,32,57]
for the case of eþe− colliders, as1
τðβÞN ¼
1
EJ
X
i∈J
Eimin

2pi · n1
Ei
;…;
2pi · nN
Ei

β=2
: ð2Þ
Here J denotes the jet, Ei and pi are the energy and four
momentum of particle i in the jet, N > 0 is an integer
defining the number of axes, nj are the lightlike vectors
FIG. 1. The leading fixed order singular structure of a two-
prong substructure observable, O, showing different behavior in
the resolved, transition, and unresolved regions. A prediction for
dσ
dO requires a simultaneous understanding of each of the three
regions.
1N-jettiness has been defined and studied as an event shape in
eþe− in Refs. [57,58]. Their definition differs slightly from ours
in the choice of normalization, as appropriate for an event shape
as compared with a jet shape.
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defining the directions of the axes, and β is an angular
exponent required to be greater than zero for infrared and
collinear (IRC) safety. For notational simplicity, we will
often drop the explicit angular exponent, denoting the
observable simply as τN .
One subtlety in the definition of the N-subjettiness
observable in Eq. (2) is the definition of the axes
ni. While their placement is clear in the limit of a resolved
substructure,2 an algorithmic definition is required to
determine their behavior in the unresolved limit. Two main
approaches have been used for defining the axes. The first
approach is to define the N-subjettiness axes as the axes
found using an exclusive jet clustering algorithm. We will
consider recursive clustering algorithms with the general-
ized kT metric [54–56]
dij ¼ min½E2pi ; E2pj 
1 − cos θij
1 − cosR
∼min½E2pi ; E2pj 
θ2ij
R2
: ð3Þ
Here Ei denotes the energy of particle i, θij denotes the
angle between particles i and j, and p and R are parameters
which define the choice of metric. For numerical studies,
we will focus on the exclusive Cambridge-Aachen
(C/A, p ¼ 0) [60–62], exclusive p ¼ 1=2, and exclusive
kT (p ¼ 1) [63] clustering algorithms. We will also discuss
how the behavior is modified using winner-take-all (WTA)
recombination [64–66], in contrast to traditional E-scheme
recombination.
The second approach to defining the N-subjettiness axes
is to minimize the sum in Eq. (2) over possible lightlike
axes ni. In practice, this minimization is performed starting
from seed axes, typically defined using an exclusive jet
clustering algorithm [32,59]. In this case, it is essential that
the seed axes are chosen optimally. We use the approach of
the XCone algorithm [59,67] which matches the parameters
of the jet clustering metric and recombination scheme with
the minimization metric of N-subjettiness. We find that this
is essential to obtain sensible results, particularly in fixed
order perturbation theory.3 The particular clustering metric
used for different values of the N-subjettiness exponent β
will be given in Sec. V when minimization is discussed.
N-subjettiness is primarily used in the form of a ratio
observable. For tagging two-prong substructure the appro-
priate ratio observable is [31]
τðβÞ2;1 ¼
τðβÞ2
τðβÞ1
: ð4Þ
This variable is Sudakov safe [68,69] without a jet mass cut
and is IRC safe with a jet mass cut. A mass cut is not
equivalent to a cut on the τ1 observable, which could also
be used to make the observable IRC safe. However,
motivated by the application of boosted boson tagging
where a narrow mass cut is applied, we choose to use a
mass cut.
The τ2;1 observable is of the form considered in Sec. I for
the general observableO, in particular, from Eq. (2) we see
that τ1 is set by a single emission from the parton initiating
the jet, while τ2 requires two emissions to be nonzero. From
the definition of the N-subjettiness observable in Eq. (2),
we see that there exists a physical end point at τ2;1 ¼ 1,
which defines the unresolved limit. On the other hand, the
resolved limit is defined by the relation τ2;1 → 0, so that the
physical region for the observable is 0 ≤ τ2;1 ≤ 1.
B. Energy correlation functions
The (dimensionless) two and three point energy corre-
lation functions are defined for the case of eþe− colliders
as [33]
eðβÞ2 ¼
1
E2J
X
i<j∈J
EiEj

2pi · pj
EiEj

β=2
;
eðβÞ3 ¼
1
E3J
X
i<j<k∈J
EiEjEk

2pi · pj
EiEj
2pi · pk
EiEk
2pj · pk
EjEk

β=2
:
ð5Þ
Here J denotes the jet, Ei and pi are the energy and four
momentum of particle i in the jet and β is an angular
exponent that is required to be greater than 0 for IRC safety.
For notational simplicity, we will often drop the angular
exponent β.
For tagging two-prong substructure, it has been shown
that the appropriate variable is [34]4
DðβÞ2 ¼
eðβÞ3
ðeðβÞ2 Þ3
: ð6Þ
As with τ2;1, D2 is Sudakov safe, but is rendered IRC safe
with a mass cut. The D2 observable is of the general form
considered in Sec. I for the observable O, namely from
Eq. (5) we see that the two point energy correlation
functions are set by a single emission, while the three
point correlation functions are first nonzero at two emis-
sions. This observable was factorized and resummed for
both QCD jets and hadronically decaying color singlets
in Ref. [30].
2The placement of axes is also clear when used as an event
shape, namely N-jettiness [57], or the XCone algorithm [59] with
well separated jets. In these cases, factorization theorems in
SCET have been proven.
3Multipass minimization can also be used, and is implemented
in FASTJET. This procedure is nondeterministic, and not IRC safe.
Furthermore, a large number of passes are required to obtain
reasonable results.
4Another variable C2 ¼ e3=ðe2Þ2 has also been proposed in
Ref. [33]. In the limit of a δ-function mass cut, it is equivalent to
D2. The singular structure of the two observables is therefore
closely related, so we restrict ourselves to considering D2.
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The phase space for theD2 observable has been studied in
detail in Refs. [30,34]. The upper boundary of the phase
space is found to scale as e3 ∼ ðe2Þ2, which defines the
unresolved region. The resolved region of phase space is
defined by e3 ≪ ðe2Þ3, orD2 ≪ 1. A particular consequence
of this phase space structure is a distinction between the
behavior in the unresolved limit for D2, as compared with
τ2;1. Without a mass cut, D2 has no upper end point. In the
presence of a mass cut, it can be shown that in the case of
β ¼ 2 the physical end point can be written in terms of the
jet energy, and jet mass, and is given by Dð2Þmax2 ¼ E
2
J
m2J
≫ 1.
III. THE RESOLVED LIMIT
We begin by considering the behavior of the τ2;1 and D2
observables in the limit of two resolved subjets. In terms of
the observables, the resolved region of phase space is
defined by the conditions
τðβÞ2;1 ≪ 1; or D
ðβÞ
2 ≪ 1: ð7Þ
In this regime, the jet is comprised of two subjets, which
are either collinear with similar energy fractions, or have a
wide opening angle and hierarchical energy fractions. We
will refer to these as the collinear subjets and soft subjet
configurations, respectively. They are shown schematically
in Fig. 2. These configurations have been discussed in
detail in Refs. [30,70,71], and we therefore do not elaborate
further.
An important simplification which occurs in the resolved
limit is a natural factorization into a process which
produces the jet substructure, and the emission of soft
and collinear radiation from the hard substructure, which
occurs at longer time scales. This factorization can be made
rigorous, for example, within the soft-collinear effective
theory (SCET) [72–75]. Because of the additional hier-
archies associated with the substructure of the jet,
additional modes are also typically required
[30,70,71,76–78]. We shall refer to the class of effective
field theories required to study this region of phase space as
SCETþ. In particular, effective field theory descriptions
exist for both the collinear subjets [70] and soft subjet
configurations [30,71], allowing for an all orders treatment
of jet substructure observables measured in this limit. A
method for combining the effective field theory descrip-
tions of the soft subjet and collinear subjets regions of
phase space was given in Ref. [30], and studied for the
particular case of the D2 observable.
In the resolved limit, there is also a considerable
simplification for the particular case of the τ2;1 observable.
At leading power, for β > 1, the different N-subjettiness
axes definitions are equivalent. In particular, the two axes
defining τðβÞ2 will align with the subjets, and any differences
in the exact position of the axes are power corrections. This
is well known from the study of exclusive N-jettiness [57].
For the case of N-subjettiness, this leads to a universal
behavior in the resolved limit. The assumption of β > 1 is
important so that recoil effects [33,42,79,80] are power
suppressed. For β ≤ 1, recoil effects are leading power,
reintroducing dependence on the axes definition. This is
familiar from the event shape broadening [42,50,79,81,82].
Universality can be restored through the use of recoil-free
axes [65,80], which are insensitive to soft recoil. Recoil-
free axes include both minimized axes as well as those
defined with WTA recombination. In this section we
restrict our attention to axes defined with WTA recombi-
nation, leaving a discussion of minimization to Sec. V.
To demonstrate explicitly the universality in the resolved
limit, we calculate the τ2;1 observable with different axes
definitions in fixed order perturbation theory and in parton
shower Monte Carlo. We consider eþe− collisions at a
center of mass energy of 1 TeV, and select the hardest
hemisphere jet. We place a mass cut of [80,100] GeV to
emulate the situation as relevant for boosted Z boson
FIG. 2. A schematic depiction of the jet configurations contributing in the resolved limit. The collinear subjets configuration is shown
in (a) and the soft subjet configuration is shown in (b).
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identification. Events are clustered and analyzed with
FASTJET3.1.3 [56,83]. When necessary, we have modified
the implementations in FASTJET, such that all axes, mea-
sures, and recombination schemes are those appropriate for
eþe− collisions.
Fixed order events are generated with NLOJET++ 4.1.3
[84–88]. The observables that we are considering, namely
τ2;1 and D2, are first nonzero in perturbation theory when
there are three partons within a jet. We will refer to the
leading order (LO) distribution as that generated from
tree level matrix elements for eþe− → 4 partons, which
are Oðα2sÞ. We will also study the behavior at next to
leading order (NLO), which is calculated using the 1-loop
matrix elements for eþe− → 4 partons, and tree level
matrix elements for eþe− → 5 partons. Perturbative scale
variations obtained by varying the renormalization scale
by a factor of 2 will be shown for all fixed order
predictions. Particularly at NLO, there is also a non-
negligible statistical uncertainty due to the fact that
our selection cuts are highly inefficient. Statistical
uncertainties are not shown, but are clear from the jitter
in the distributions. They do not affect our classification
of the singular structures.
Parton shower events are generated using VINCIA 1.2.02
[89–94]. We have chosen to use VINCIA as it has been
demonstrated to agree well with analytic calculations of
two-prong substructure observables [30].
In Fig. 3 we compare τ2;1 distributions with β ¼ 1 and
β ¼ 2. Three different definitions of the N-subjettiness
axes, namely exclusive kT axes, exclusive C/A axes and
generalized kT axes with p ¼ 1=2, which we refer to as
k1=2T , are considered. In the case of β ¼ 1, a WTA
recombination scheme has been used to eliminate recoil.
Fixed order results at LO are shown in the left column and
parton level VINCIA distributions are shown in the right
column, both in a logarithmic scale. In the resolved limit,
τ2;1 → 0, the observable as defined with different axes
definitions exhibits a universal behavior, both in fixed order
perturbation theory, and in the parton shower result. This
should be contrasted with the behavior in the unresolved
FIG. 3. The behavior of the τ2;1 observable with β ¼ 1 and β ¼ 2 for different axes definitions in LO perturbation theory on the left,
and in parton level VINCIA Monte Carlo on the right. The universality observed in the τ2;1 → 0 limit should be contrasted with the
different possible behaviors as τ2;1 → 1.
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limit, where for the three different axes choices, all the
different behaviors of Fig. 1 are obtained, namely an end
point divergence, a smoothly vanishing distribution, and
a shoulder in the physical region. It is interesting to note
that the XCone recommended seed axes are k1=2T for β ¼ 2
and WTA kT for β ¼ 1. For both β ¼ 1 and β ¼ 2 these
lead to a shoulder in the physical region.
IV. GENERALIZED kT ALGORITHMS
AND THE τ2;1 → 1 END POINT
From the definition of the N-subjettiness observables in
Eq. (2), it is clear that the ratio observable τ2;1 exhibits a
physical end point at τ2;1 ¼ 1. This is a natural place to
expect interesting behavior. In this section we will analyze
the behavior as τ2;1 → 1 for N-subjettiness axes defined
using the generalized kT metric of Eq. (3) with p ≥ 0.
To understand the τ2;1 → 1 end point behavior we must
consider singular configurations of soft and collinear
particles, which can contribute at this end point. We will
begin by analyzing such configurations when there are
three particles within the jet (LO), but the analysis will
straightforwardly generalize. Since we are interested in the
behavior as τ2;1 → 1, in the most singular region of the
phase space both τ1 and τ2 must be set to leading power by
the same emission. The two singular configurations rel-
evant for the τ2;1 → 1 end point behavior are shown in
Fig. 4. In the configuration of Fig. 4(a) both axes lie in the
collinear sector, where the collinear particles are charac-
terized as having Oð1Þ energy fraction and an angular
separation of θcc. The values of both τ1 and τ2 are set by the
wide angle soft emission. The singular configuration occurs
when the angle between the two collinear particles goes
to 0. In the configuration of Fig. 4(b) one axis lies on a wide
angle soft particle, with characteristic energy zs. The values
of both τ1 and τ2 are set by the collinear emission. The
singularity then occurs as zs → 0.
The end point behavior for the generalized kT metric
given in Eq. (3) can now be easily understood by
considering the compatibility of the clustering metric with
the different singular configurations. In particular, one must
understand for what values of p in the generalized kT
metric the axes will be configured as in Fig. 4(a) or 4(b).
We will denote the generalized kT metric distance of Eq. (3)
as measured between two soft particles, by dss, as measured
between a soft and collinear particle, by dsc, and as
measured between two collinear particles, by dcc.
We will first show that with a mass cut, the configuration
in Fig. 4(a) does not give rise to an end point singularity for
any value of p. For both axes to lie in the collinear sector,
the collinear particles must be clustered last. Therefore, we
must have
dss ∼ dsc ∼ z2p ≪ dcc ∼ θ2cc: ð8Þ
For p ¼ 0, this condition is already inconsistent, so we
focus on p > 0. For the configuration shown in Fig. 4(a) to
have a collinear singularity, we must have the relation
z > θβcc: ð9Þ
Recall that β > 0 for IRC safety. In particular, with a mass
cut, the soft wide angle emission sets the mass, so
z ∼
m2
E2J
: ð10Þ
Depending on the value of β, the relations in Eqs. (8) and (9)
are either inconsistent, or if they are consistent, the angle θcc
is regulated by the mass cut. Therefore for all values of p
with the generalized kT metric, this configuration does not
give rise to a singularity at the τ2;1 → 1 end point.
We now consider the configuration in Fig. 4(b). The
clustering constraint that the axis lies on the wide angle soft
emission is
dss ∼ dsc ∼ z2p ≫ dcc ∼ θ2cc; ð11Þ
FIG. 4. The singular configurations involving three partons within a jet which are relevant for studying the τ2;1 → 1 limit. In
configuration (a), both observables are set by a soft emission, giving rise to an unregulated collinear singularity. In configuration (b),
both observables are set by a collinear splitting, giving rise to an unregulated soft singularity.
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and the consistency relation that both τ1 and τ2 are set by
the collinear emission is
z < θβcc; ð12Þ
and
θcc ∼
m
EJ
: ð13Þ
For p > 0, depending on the value of β, the relations of
Eqs. (11) and (12) are either inconsistent, or z is regulated
by the mass cut. Therefore, this configuration does not
contribute to a singularity at the τ2;1 → 1 end point. For
example, for the case of exclusive kT axes, the mass cut
implements a minimum angular separation between the two
N-subjettiness axes, which we denote θn1;n2 . From Eqs. (8)
and (10), which describe the configuration in Fig. 4(a)
where the 2-subjettiness axes are close, we find
θn1n2 ≳
m2J
E2J
: ð14Þ
Since we will always implement a mass cut of [80,100] GeV
for 500 GeV jets, the possible singular behavior resulting
from Fig. 4(a) is well regulated, and we expect a fixed order
perturbative description to be applicable.
However, for p ¼ 0 the relations in Eqs. (11) and (12)
are consistent, and the wide angle soft particle can become
arbitrarily soft, remaining consistent with both the mass cut
and the clustering conditions, giving rise to a singularity at
the τ2;1 → 1 end point. Although we have presented the
argument for the case of three particles, it extends to an
arbitrary number of soft and collinear emissions at the
end point.
FIG. 5. The behavior of the τ2;1 observable with axes defined by the exclusive kT algorithm for β ¼ 1 in (a), and β ¼ 2 in (b).
Fixed order results are shown at LO and NLO, and contrasted with parton level VINCIA Monte Carlo.
FIG. 6. The behavior of the τ2;1 observable with axes defined by the exclusive C/A algorithm for β ¼ 1 in (a), and β ¼ 2 in (b).
Fixed order results are shown at LO and NLO, and contrasted with parton level VINCIA Monte Carlo.
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In summary, we have shown that for p > 0, no singularity
exists at the τ2;1 → 1 end point, while for p ¼ 0 there is a
soft singularity at the end point. This dependence on the axes
definitions arises because the singular behavior at the end
point is being regulated by the ability of the axes definitions
to avoid the configurations in Fig. 4. Computationally, this is
unsatisfactory, as it implies that the axes must “flop” so as to
avoid these singular regions.
Having isolated the particular axes configuration that
leads to the divergence for p ¼ 0, namely that of Fig. 4(b),
it is straightforward to write down a factorization theorem
describing the behavior in this singular region of phase
space, for example, using effective field theory techniques.
However, because the nontrivial behavior described by
such a factorization theorem begins at higher orders in
perturbation theory, such a study is beyond the scope of this
paper. Instead, to demonstrate these two types of possible
end point behaviors, we will consider as case studies, the
N-subjettiness axes as defined with the C/A (p ¼ 0), and
kT (p ¼ 1) axes. We will compute both these cases in fixed
order perturbation theory and parton shower Monte Carlo.
The event selection is the same as detailed in Sec. III.
In Fig. 5 we show results for τ2;1 as defined with the
exclusive kT axes, and in Fig. 6 with the exclusive C/A
algorithm. The LO and NLO fixed order distributions as
well as parton level results from VINCIA are shown. For
both kT and C/A axes, the divergence as τ2;1 → 0 is present
and the parton shower implements the expected Sudakov
resummation. On the other hand, while a divergence at LO
and NLO is clearly observable in Fig. 6 when τ2;1 is defined
with C/A axes, no such divergence is observed with kT
axes, and the τ2;1 → 1 behavior is well described by fixed
order perturbation theory.
V. MINIMIZATION, WINNER-TAKE-ALL
RECOMBINATION, AND SINGULARITIES
IN THE PHYSICAL REGION
In this section we turn to the study of the τ2;1 observable
for the phenomenologically most relevant axes choices,
namely minimized axes, and axes defined with the
winner-take-all (WTA) recombination scheme. These are
the definitions which are currently used by the ATLAS and
CMS experiments, and which achieve the best discrimina-
tion power. We will demonstrate that with these choices of
axes, the τ2;1 observable exhibits discontinuities in the
physical region, which lead to regulated singularities at
higher orders in perturbation theory. This behavior has
severe consequences for the analytic tractability of these
observables, as high particle multiplicities are required to fill
out the physical region. This implies that there is little
overlap between τ2;1 calculated at low orders in perturbation
theory, and from parton shower Monte Carlo simulations.
This behavior is expected for certain jet substructure
observables, for example, Q-jet [95] variables where
Oð10Þ particles are required to get nontrivial distributions.
However, it is more surprising for the case ofN-subjettiness,
which is similar to traditional jet shape observables. In
Sec. VII, we will show that this complicated singular
structure also leads to large nonperturbative effects.
Before continuing to discuss the particular case of τ2;1 it
is worth briefly reviewing the possibility of singularities in
the physical region [53]. Interestingly, these can occur even
for observables which satisfy traditional definitions of IRC
safety [96,97]. Such singularities arise from discontinuities
within the physical region at a given order in perturbation
theory. Discontinuities can arise due to a physical con-
straint on the observable arising from having a fixed
number of partons in the final state. If this constraint is
no longer satisfied when additional partons are added at
higher orders in perturbation theory, then there will in
general be a divergence at the location of the discontinuity,
due to a miscancellation of real and virtual corrections.
Resummation is then required to achieve an accurate
perturbative prediction for the cross section. Singularities
in the physical region are familiar from classic eþe− event
shapes such as the C-parameter [98,99], which exhibits a
singularity at C ¼ 3=4 due to a discontinuity at this
location in the OðαsÞ distribution [100], and the Fox-
Wolfram moments [101–103].5 The resummation of sin-
gular contributions at C ¼ 3=4 was performed in Ref. [53].
Minimized axes for N-subjettiness are defined as those
axes nˆi which minimize the sum in Eq. (2). For practical
purposes, this minimization is performed starting from
seed axes, which are typically found using an exclusive
jet clustering algorithm. As shown in Ref. [59], and
implemented in the XCone algorithm, the seed axes
can be optimized by matching the clustering metric to
the N-jettiness measure for an arbitrary β. We will study
the cases β ¼ 1 and β ¼ 2 in this section. The recom-
mended XCone seed axes for these cases are WTA kT
axes for β ¼ 1, and generalized kT , with p ¼ 1=2 and
E-scheme recombination for β ¼ 2. Because of this close
link between WTA and minimized axes for β ¼ 1, we
have decided to consider them together in this section.
However, it is important to note that they are not identical.
In particular, with WTA recombination, the axes lie on
particles within the jet. Since we will always choose to
match the jet clustering procedure with the N-subjettiness
measure we can view the WTA versions as minimization
with the constraint that all the jet axes must lie on a
particle within the jet. This is not in general true for the
exact minimized axes. For example, if we consider three
particles with equal energy and take β ¼ 1, if there is no
angle greater than 120°, then the minimized axis lies at
the Fermat point inside the triangle. (The Fermat point is
the point at which the angles between all lines extending
5The second Fox-Wolfram moment, H2, and the C-parameter
are directly related for massless particles, so that these singular-
ities have the same origin.
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to the vertices of the triangle is 120°). This exact
minimization typically has a larger effect on τ1, leading
to larger values of τ2;1 when one-pass minimization
is applied.
We begin by considering the case of β ¼ 1 with WTA kT
and one-pass WTA kT axes. With N-particles in the final
state, with WTA axes, for τ1, N − 1 particles contribute,
while for τ2, N − 2 particles contribute. The maximum
value of τ2;1 is therefore τ2;1 ¼ ðN − 2Þ=ðN − 1Þ. For
N ¼ 3, this gives τ2;1 ¼ 1=2, and for N ¼ 4, this gives
τ2;1 ¼ 2=3. Interestingly, both of these values are well
within the physical region for τ2;1, and furthermore, the
volume of phase space contributing at the end point is in
general nonzero. We therefore expect that shoulders (dis-
continuities) will appear in the physical region for these
values, and corresponding singularities at higher orders in
perturbation theory. By considering configurations of three
particles, it can be shown that exact minimization extends
the end point to 1=
ﬃﬃﬃ
3
p ≃ 0.577.
To verify this behavior, we now perform a study of
minimized and WTA axes in fixed order perturbation
theory and parton shower Monte Carlo. In Fig. 7(a) we
show the behavior of τ2;1 as defined with WTA kT axes, and
with one-pass minimization starting from WTA kT axes.
The WTA kT axes are the XCone recommended seed axes,
and therefore we expect the one-pass minimization to have
a relatively minor effect. However, we see that it does
extend the physical region at LO from τ2;1 ¼ 0.5 to
τ2;1 ≃ 0.577, as expected. The fraction of events which
extend to the truly minimized end point after one-pass
minimization is quite small, showing that the local minima
are deep.
Since the restriction on the maximal value of τ2;1 arises
due to the low number of particles in the final state, in
Fig. 7(b) we show the same distributions in VINCIA
Monte Carlo at parton level. The physical region is greatly
extended by the greater multiplicity of particles in the final
state, and remarkably, its peak is beyond the support of the
LO distribution. The end point differences due to the
application of the one-pass minimization are also removed.
Due to the presence of the discontinuity in the physical
region, it is particularly interesting to consider the behavior
of the NLO fixed order corrections. In Fig. 8 we consider
the NLO corrections to τ2;1 as defined with WTA kT axes,
6
and compare with the leading order perturbative result and
the result from parton level VINCIA. The NLO contribution
extends the distribution beyond τ2;1 ¼ 0.5, up to the
expected end point at τ2;1 ¼ 2=3. In the log plot we can
see that a few events go beyond this point, but it is quite
well respected. However, this is still not sufficient to begin
to describe the shape of the Monte Carlo distribution in the
unresolved region, suggesting that even higher orders in
perturbation theory are required. The NLO contributions
also give a sharp peak around τ2;1 ¼ 0.5 demonstrating the
lack of cancellation between real and virtual corrections.
Having understood the behavior of minimized and WTA
axes for β ¼ 1, we now show that a similar behavior persists
for β ¼ 2. For β ¼ 2, the XCone recommended seed axes
which match the clustering with the N-subjettiness mini-
mization are generalized kT with p ¼ 1=2 and E-scheme
recombination, which we refer to as k1=2T .
In Fig. 9(a) we compare the behavior of τ2;1 as defined
with k1=2T axes, one-pass minimized k
1=2
T axes, as well as
WTA k1=2T axes to understand how the distribution is
modified when the axes is forced to lie on a single particle.
As expected, with WTA axes, the end point of the LO
distribution is observed to be τ2;1 ¼ 0.5. With k1=2T and one-
FIG. 7. A comparison of τ2;1 with β ¼ 1 for WTA kT axes and one-pass minimized WTA kT axes in leading order perturbation theory
in (a) and VINCIA parton level Monte Carlo in (b). A clear shoulder at τ2;1 ¼ 0.5 is observed in fixed order perturbation theory.
It is extended slightly by minimization, as described in the text.
6Similar behavior is observed for the one-pass minimized axes.
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pass k1=2T axes, the end point is extended, as the axes are no
longer required to lie on a particle. However, there is still a
feature at τ2;1 ¼ 0.5. The fact that the one-pass minimiza-
tion has a very small effect demonstrates that the seed axes
have been appropriately chosen.
In Fig. 9(b) we consider the behavior of these axes in
parton level VINCIA Monte Carlo, where a large number of
partons are present in the final state. As for the case of
β ¼ 1, the physical end point of the distribution is greatly
extended in parton shower Monte Carlo, and the difference
between the end points for the different axes definitions is
also greatly reduced. Note that there is a slight difference
for β ¼ 2 when WTA axes are used. This is because this
defines a legitimately distinct observable.
To understand how the physical regions of the β ¼ 2
distributions are extended at higher orders in perturbation
theory, in Fig. 10 we compare the LO, NLO and parton
level VINCIA predictions for τ2;1 as defined with k
1=2
T axes
and β ¼ 2.7 We have chosen to consider the behavior of the
k1=2T axes, as the WTA k
1=2
T axes behave identically to the
case of the WTA kT axes for β ¼ 1 due to the presence of
the sharp discontinuity. It is therefore interesting to con-
sider how the NLO behavior is modified when the LO
behavior is less drastic, although from Fig. 10(b), one can
see that there is still a small feature in τ2;1 at LO [It is
perhaps more visible in the logarithmic plot of Fig. 3(c)].
As with the case of β ¼ 1, we see that the physical region is
extended at NLO. There is also a correction at τ2;1 ¼ 0.5,
FIG. 9. A comparison of τ2;1 with β ¼ 2 for k1=2T , one-pass minimized k1=2T and WTA k1=2T axes in leading order perturbation theory in
(a) and VINCIA parton level Monte Carlo in (b).
FIG. 8. Distributions for τ2;1 as defined using WTA kT axes with β ¼ 1 in both fixed order perturbation theory and parton level
Monte Carlo. The distributions are shown on a logarithmic scale in (a), and on a linear scale in (b). The behavior observed in
Monte Carlo as τ2;1 → 1 is not well reproduced in fixed order perturbation theory.
7As for β ¼ 1, similar behavior is observed for the one-pass
minimized axes.
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however, much less so than for β ¼ 1, where the LO
discontinuity is much larger. In this case, the NLO con-
tribution is also closer to filling out the region explored by
the Monte Carlo than for β ¼ 1, implying that perhaps
computations could be feasible in this case.
We conclude this section by discussing prospects for the
analytic treatment of the τ2;1 observable with minimized
axes, in particular for the case of β ¼ 1. Having identified
the singular feature at τ2;1 ¼ 0.5 one could write down a
factorization theorem to resum to all orders the singular
logarithms in this region. However, a factorization theo-
rem which resums singular contributions at τ2;1 ¼ 0.5
merely acts to resum the singular peak right at τ2;1 ¼ 0.5
and must be matched to fixed order outside of the singular
region. This implies that it would also have an upper
bound of τ2;1 ¼ 2=3. Since the Monte Carlo distributions
go beyond τ2;1 ¼ 0.8, this suggests that extremely high
orders in perturbation theory are required to obtain
agreement. However, further confusing the issue is the
fact that parton shower Monte Carlo predictions agree
well with τ2;1 measurements from ATLAS and CMS (see,
e.g., [6,18,20,21]).
VI. THE UNRESOLVED LIMIT OF D2
It is interesting to contrast the behavior of the τ2;1
observable with that of D2. A particularly convenient
feature of the D2 observable is that it is defined without
reference to axes, and therefore has a less subtle behavior in
the unresolved limit.
In the presence of a mass cut, D2 regulates all singu-
larities for D2 > 0. It is instructive to understand how D2
regulates theOðα2sÞ configurations in Fig. 4 which gave rise
to the divergence at the τ2;1 end point. For the energy
correlation functions evaluated on this configuration, we
have parametrically
eðβÞ2 ∼ zs þ θβcc; eðβÞ3 ∼ zsθβcc: ð15Þ
In particular, unlike for τ2, the three point energy corre-
lation function is sensitive to both the splitting angle, θcc,
as well as the energy fraction of the soft parton, zs. This
implies that soft or collinear singularities are inconsistent
with the relation e3 ∼ e22.
In Fig. 11, we show the LO and NLO fixed order
predictions for the D2 observable, as well as a comparison
with VINCIA parton level Monte Carlo. The singular behavior
as D2 → 0 in fixed order perturbation theory is clearly
visible, but no other singularities are present. Good agree-
ment is seen between the shape of the NLO fixed order
distribution to the right of the peak, and the resummed result
computed from the VINCIA Monte Carlo. This figure also
clearly shows the lack of structure present in the D2 ≫ 1
FIG. 10. Distributions for τ2;1 as defined using k
1=2
T axes with β ¼ 2 in both fixed order perturbation theory and parton level
Monte Carlo. The distributions are shown on a logarithmic scale in (a), and on a linear scale in (b).
FIG. 11. The D2 observable with angular exponent β ¼ 2, as
computed in LO and NLO perturbation theory compared with the
prediction of the VINCIA Monte Carlo at parton level.
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region of phase space. The fixed order singular structure of
D2 has also been discussed in Ref. [30].
An interesting feature of the D2 observable is that the
peak of the perturbative distribution exists in the resolved
region, where the two-prong factorization theorems are
valid. On the other hand, for many definitions of the
N-subjettiness axes, the peak of the τ2;1 observable is in
the unresolved region. Higher order calculations in the
unresolved region of phase space are therefore required to
even begin to get the correct qualitative shape of the τ2;1
distribution.
VII. IMPACT OF HADRONIZATION
To this point we have discussed the behavior of two-
prong substructure observables in a purely perturbative
context. However, nonperturbative effects also play an
important role in singular regions of phase space, where
the distribution is dominated by emissions characterized by
the scale ΛQCD. In this section we emphasize that the
variety of singular structures arising for different definitions
of the N-subjettiness axes implies also a large variation in
the impact of hadronization corrections.
For additive jet shape observables the dominant non-
perturbative effects can be modeled using shape functions,
which have support over a region of size ΛQCD and are
convolved with the perturbative soft function entering
the factorized description of a particular singular region
[104–108]. This approach to incorporating nonperturba-
tive effects analytically is optimal in the case that the
nonperturbative contributions do not give large correc-
tions to the shape of the distribution, but instead are well
approximated by a shift in the first moment, which in
certain cases can be shown to be universal [58,109–113].
When considering nonperturbative corrections to two-
prong substructure observables, one in general needs to
incorporate nonperturbative effects through multidiffer-
ential shape functions defined in terms of multidiffer-
ential factorization theorems [68,114,115]. This is
necessary to incorporate nonperturbative correlations
between the observables, for example τ1 and τ2. A further
complication arises for observables which exhibit multi-
ple singular regions, as a shape function is in principle
required for each such region. If the distinct singular
regions cannot be well separated, then limited predictive
power is retained.
A significant simplification occurs in the resolved limit,
where, to leading power, one observable is set by the hard
splitting defining the jet substructure. In this case, the
dominant nonperturbative effects can be implemented
through a single shape function for the remaining variable,
which can be given a field theoretic definition within
SCETþ. Multidifferential shape functions involving corre-
lations are not required. Isolating nonperturbative effects to
the resolved region is therefore advantageous for analytic
calculations.
To further improve our understanding of the singular
structure of both the τ2;1 andD2 observables, it is instructive
to study the impact of hadronization on their distributions,
which we will do using the VINCIA Monte Carlo. We begin
by comparing the impact of hadronization on the τ2;1
observable as defined with exclusive kT and C/A axes,
which we used as representative of the different possible
perturbative behaviors as τ2;1 → 1. Distributions for both
axes choices are shown in Fig. 12 for β ¼ 2. For both axes
definitions, large hadronization corrections are observed as
τ2;1 → 0. However, while large hadronization corrections
are observed for the C/A axes as τ2;1 → 1, for kT axes,
hadronization has no effect for τ2;1 ≳ 0.5. This is made clear
FIG. 12. A comparison of parton and hadron level Monte Carlo for τ2;1 with β ¼ 2. Exclusive kT axes are used in (a) and
exclusive C/A axes are used in (b). Nonperturbative corrections are large at the τ2;1 → 1 end point due to the presence of a soft
singularity.
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by the feature at τ2;1 ∼ 0.5, which is not smeared or shifted
at all by hadronization, demonstrating a rapid transition
from nonperturbative to perturbative physics. This behavior
clearly reflects the underlying singular structure of the
observables. While for C/A axes, nonperturbative effects
give anOð1Þ contribution throughout the entire distribution,
for kT axes, they are isolated at τ2;1 → 0, and hence could
potentially be well described by a shape function in an
SCETþ factorization theorem.
In Fig. 13 we compare parton level and hadronized
Monte Carlo for τ2;1 as defined with one-pass minimized
WTA kT axes with β ¼ 1, and one-pass minimized k1=2T axes
with β ¼ 2, which are the XCone recommended axes [59].8
The effect of hadronization on the distribution is quite
interesting. In particular, it is large throughout the entire
distribution, representing the fact that there are singularities
present throughout the physical region. It is important to
emphasize that the nonperturbative effects at different regions
in the distribution arise from distinct singularities. A first
principles treatment of the nonperturbative effects would
require associating distinct nonperturbative shape functions
with the factorization theorems for each singularity.9 This
presents a serious difficulty to obtaining an analytic calcu-
lation of this observable, coupled with the earlier observation
that it is unstable in perturbation theory.
Finally, it is worth contrasting the behavior of non-
perturbative effects for τ2;1 with those for D2, which are
shown in Fig. 14. As discussed in Sec. VI, D2 only has a
singularity in the limitD2 → 0. In this region of phase space,
nonperturbative effects are expected to give an Oð1Þ con-
tribution, as is clearly seen in Fig. 14. For D2 ≫ 1 non-
perturbative effects are minimal. Since nonperturbative
effects are isolated in the D2 → 0 limit, they can be
incorporated through an additive shape function. This was
studied in Ref. [30] where excellent agreement between a
single parameter shape function and Monte Carlo was
observed.
VIII. CONCLUSIONS
In this paper we have studied the singular structure of
two-prong jet substructure observables, focusing in particu-
lar on the behavior of the τ2;1 and D2 observables in the
unresolved limit. We provided for the first time an under-
standing of the singular structure of τ2;1 throughout the entire
available phase space for a massive QCD jet. We have
demonstrated that while the structure in the τ2;1 → 0 limit
FIG. 14. Hadronization effects for the D2 observable with
angular exponent β ¼ 2.
FIG. 13. Hadronization effects for τ2;1 as defined with one-pass minimized WTA kT axes for β ¼ 1 in (a) and for one-pass minimized
WTA k1=2T axes for β ¼ 2 in (b). Large corrections are observed throughout the entire distribution.
8As shown in Figs. 7(b) and 9(b) there is little difference in
parton level Monte Carlo depending on whether or not the
one-pass minimization is performed. This remains true after
hadronization.
9For the β ¼ 1 case the situation is intrinsically more com-
plicated as there are leading power nonperturbative corrections to
both the jet and soft functions. See Ref. [116] for a discussion.
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can be well understood using universal all orders factoriza-
tion theorems formulated in SCETþ, the structure in the
unresolved limit is significantly more complicated, and
depends on the definition of the axes used to define the
observable. As a consequence of this, nonperturbative
corrections to the τ2;1 observable also depend on this choice.
Of particular phenomenological interest, we showed that
for the case of minimized andWTA axes, which provide the
best discrimination power, shoulders appear in the physical
region. This implies that high orders in perturbation theory
are required to achieve a reasonable description of the
observable. The presence of singularities in the physical
region also leads to large nonperturbative corrections
throughout the entire distribution, making an analytic
understanding of the final hadron level distribution diffi-
cult. However, for the case of β ¼ 2, it would be interesting
to use the understanding of the singular structure elucidated
in this paper to perform a perturbative calculation, and to
analytically understand the behavior of the resummation at
the τ2;1 ¼ 0.5 discontinuity. In Table I, we list the behavior
at the kinematic end point for the different parameters of
N-subjettiness studied in this paper.
The behavior of τ2;1 was contrasted with that of D2.
The D2 observable incorporates three particle correla-
tions, and therefore naturally regulates all soft and
collinear singularities away from D2 ¼ 0. Furthermore,
it parametrically separates resolved and unresolved
regions of phase space. D2 therefore exhibits several
important advantages for precision calculations. It has a
simple structure, with a nonsingular tail in the unresolved
region, and a peak in the resolved region of phase space.
Nonperturbative corrections are isolated to the D2 → 0
region of phase space, where they can be treated from first
principles using a shape function. Indeed, it was these
features which allowed a calculation of the D2 observable
in Ref. [30].
Ideally, one would like to extend the level of under-
standing of two-prong substructure observables to three-
prong substructure observables, such as D3 [117] and τ3;2
[32], allowing for the analytic study of the substructure of
boosted top quark jets. We believe that these observables
will manifest many of the same properties discussed in this
paper. Indeed it can be expected that the increase to three
axes for τ3;2 will result in an even more complicated
singular structure in the unresolved region. Furthermore,
since such observables probe the jet in a more differential
nature they are also sensitive to lower scales, and therefore
the ability to analytically incorporate nonperturbative
corrections will also be important. If observables relevant
for boosted top tagging are to be calculated analytically, it
is likely that the choice of an observable with the simplest
possible singular structure will play an important role in
enabling an analytic treatment of both perturbative and
nonperturbative aspects of its calculation.
With jet substructure observables playing a prominent
role at the LHC, it is important that they be brought under
theoretical control. Analytic calculations are essential to
ensure that Monte Carlo programs, which are ultimately
used in experimental analyses, accurately reproduce the
QCD shower at the level required for substructure observ-
ables. Furthermore, if jet substructure variables are to be
used to study precision QCD, a push for precision beyond
that which has already been achieved will be required. For
such analytic calculations to be practical, it is important that
jet substructure observables be designed not only with
performance, but also calculational simplicity in mind. One
measure of calculability is the complexity of the singular
structure of the observables, which was studied in this
paper. This emphasis on simplicity is particularly important
at early stages, when only a few observables have been
analytically calculated. By designing observables with
simple singular structures, it is hopeful that this situation
can be improved. However, it ultimately seems that for
certain substructure observables of interest, a computa-
tional approach beyond the usual perturbative expansion in
the number of partons is required. While this is a lofty goal,
it would greatly extend the range of observables which
could be computed, as well as provide deep insights into
the all orders behavior of QCD observables.
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